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Odd-Parity Multipoles by Staggered Magnetic Dipole and Electric Quadrupole
Orderings in CeCoSi
Megumi Yatsushiro and Satoru Hayami∗
Department of Physics, Hokkaido University, Sapporo 060-0810, Japan
We investigate a possibility of odd-parity multipole orderings in a locally noncentrosymmetric tetragonal compound
CeCoSi. By performing symmetrical and microscopic mean-field analyses on a two-orbital tight-binding model, we
propose potential odd-parity multipoles hidden in staggered antiferromagnetic and antiferroquadrupole orderings in
CeCoSi. We show that 3z2 − r2 type of the magnetic quadrupole is induced by the staggered magnetic dipole ordering
for a large crystal-field splitting between two orbitals, while xy type of the electric toroidal quadrupole is emergent by
the staggered electric quadrupole ordering for a small crystal-field splitting. Furthermore, we discuss a magneto-electric
effect and elastic-electric effect due to the odd-parity multipoles, which will be useful to identify order parameters in
CeCoSi.
The breaking of the spatial inversion symmetry has been
attracting attention in condensed matter physics. The effect of
the inversion symmetry breaking in crystals is described by
an antisymmetric spin-orbit interaction (ASOI) in the form of
g(k)·σwhere g(k) is an odd function with respect to the wave
vector k and σ is the spin. The ASOI leads to unconventional
physical phenomena, such as a current-inducedmagnetization
which is the so-called Edelstein effect,1, 2) noncentrosymmet-
ric superconductivity,3) and spin Hall effect.4, 5)
Similar noncentrosymmetric physics arises in a locally
noncentrosymmetric system with the staggered-type ASOI
once a spontaneous electronic ordering breaks the global in-
version symmetry. For example, staggered magnetic and/or
orbital orderings on a zigzag chain,6–9) honeycomb,10–14) dia-
mond,15, 16) and bi-layer structures17–19) give rise to cluster-
type odd-parity multipoles, such as the magnetic toroidal
dipole and electric octupole.20–22) The f -electron metallic
compound CeCoSi is a candidate for such cluster-type odd-
parity multipoles. The crystal structure is a centrosymmet-
ric tetragonal CeFeSi-type structure (P4/nmm, D7
4h
, No. 129)
and there are two Ce sites (referred as CeA and CeB) con-
nected by the inversion operation,23) as shown in Fig. 1(a).
While changing temperature and pressure, CeCoSi undergoes
two phase transitions: the antiferromagnetic (AFM) order at
TN = 8.8 K at ambient pressure
24, 25) and the hidden order,
the latter of which dominantly appears under pressure.26–28)
Recently, the experiment implies that the hidden order un-
der pressure corresponds to the antiferroquadrupole (AFQ)
order,27, 28) since it shows similar behavior to the AFQ phase
observed in CeB6 and CeTe.
29–35) Interestingly, the unit of the
staggered AFM and AFQ orders in CeCoSi accompanies the
cluster-type odd-paritymultipoles, as the staggered alignment
of the even-parity multipoles at two Ce sites breaks the global
inversion symmetry. However, it has not been clarified what
types of odd-parity multipoles can be active in the AFM and
AFQ phases. The theoretical identifications are helpful not
only to determine order parameters but also to explore physi-
cal phenomena driven by odd-parity multipoles.36–38)
In this Letter, we theoretically investigate cluster-type odd-
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parity multipoles in CeCoSi. By examining a two-orbital
model including the staggered-type ASOI and crystal-field
(CF) splitting on the basis of the group theory and mean-
field analyses, we show that the intraorbital AFM order with
3z2 − r2 type of the magnetic quadrupole is stabilized for the
large CF splitting, whereas the interorbital AFQ order with xy
type of the electric toroidal quadrupole is dominantly realized
for the small CF splitting. We also study the stability of the
AFM and AFQ states in terms of the two types of staggered
ASOIs in intraorbital and interorbital spaces. Furthermore,we
discuss the temperature dependence of the magneto-electric
effect for each odd-parity multipole ordering.
First, let us describe the local multipole degrees of free-
dom of the f 1 electron configuration in the Ce3+ ion.34, 39–41)
Under the tetragonal CF (the site symmetry C4v), a J = 5/2
multiplet splits into one Γ6 level and two Γ7 levels. The ac-
tive multipoles in the Kramers doublet of Γ6 and Γ7 levels are
magnetic dipoles (Mˆx, Mˆy) = (σx, σy) and Mˆz = σz, where σµ
(µ = x, y, z) is the 2 × 2 Pauli matrix in quasi-spin space.
Meanwhile, the higher-rank multipoles are active be-
tween the Γ6 and Γ7 levels as interorbital degrees of free-
dom. There are eight independent multipoles: four electric
quadrupoles Qˆ3 = τx (3 = x
2 − y2), Qˆxy = σzτy, and
(Qˆyz, Qˆzx) = (σxτy, σyτy), two magnetic dipoles (Mˆ
′
x, Mˆ
′
y) =
(σxτx,−σyτx), and two magnetic octupoles Mˆxyz = τy and
Mˆ
β
z = σzτx, where τν (ν = x, y) is the 2× 2 Pauli matrix in Γ6-
Γ7 space.
42) The total sixteen multipoles in intraorbital (Γ6-
Γ6 or Γ7-Γ7) space except for the electric monopole σ0 = 1
and interorbital (Γ6-Γ7) space, and their irreducible represen-
tations at the site symmetry C4v are summarized in Table I.
The cluster-type odd-parity multipoles are accompanied
with the staggered alignment of the local even-parity multi-
poles at CeA and CeB sites.
17, 43, 44) Within the intraorbital Γ6
or Γ7 space, the staggered orders of (Mˆx, Mˆy) and Mˆz induce
magnetic toroidal dipoles (Ty, Tx) and a magnetic quadrupole
Mu (u = 3z
2 − r2), respectively. On the other hand, the stag-
gered interorbital orders of Qˆ3, Qˆxy, (Qˆyz, Qˆzx), (Mˆ
′
x, Mˆ
′
y),
Mˆxyz, and Mˆ
β
z give rise to electric toroidal quadrupoles Gxy
and G3, electric dipoles (Qy, Qx), magnetic toroidal dipoles
(Ty, Tx), and magnetic quadrupoles Mxy and M3, respectively.
1
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The correspondence between the local even-parity multipoles
and the cluster odd-parity multipoles is shown in Table I.
Fig. 1. (Color online) (a) Schematic picture of the crystal structure con-
sisting of CeA and CeB with the lattice constants a and c. (b) The ground-
state phase diagram obtained from the mean-field calculations at gΓ6 = −0.4,
gΓ7 = 0.5, and g′ = 0.8. AFM(z) represents the AFM phase with staggered
magnetic moments along the z direction. AFQ(3) and AFQ(xy) stand for the
AFQ phases with 3 = x2 − y2 and xy components of the electric quadrupoles,
respectively. Other AFM and other AFQ1, 2, 3 are the AFM and AFQ phases
characterized by more than one order parameter. The phases are metallic (in-
sulating) in the region below (above) the white dashed line. (c) The intraor-
bital ASOI dependence of the AFM moments at J′/J = 0.2, ∆ = 1, g′ = 0.8,
and gΓ6 = −0.8gΓ7 . (d) The interorbital ASOI dependence of the interorbital
multipole moments at J′/J = 0.7, ∆ = 0.5, gΓ6 = −0.4, and gΓ7 = 0.5.
Table I. (Left three columns) Local even-parity multipoles (MP), irre-
ducible representations (irrep.) at the site symmetry C4v, and the matrices
σµτν (µ = x, y, z, ν = x, y). (Right three columns) Cluster odd-parity MPs
(OPMP) by the staggered orderings, irreps. in the point group D4h, and the
magnetic point groups (MPG). The upper and lower rows represent the ac-
tive multipoles in the intraorbital Γ6-Γ6 or Γ7-Γ7 space and interorbital Γ6-Γ7
space, respectively. In the multipole notation, the prefixes E, M, ET, and MT
stand for electric, magnetic, electric toroidal, and magnetic toroidal multi-
poles, and the suffixes D, Q, and O are dipole, quadrupole, and octupole, re-
spectively. The irrep. is represented by Bethe (Mulliken) description, where
the superscript means the spatial inversion (time reversal) property (+: even,
−: odd). The prefix m in Bethe description represents time-reversal odd.
Local multipoles Cluster multipoles
C4v MP σµτν D4h OPMP MPG
mΓ2(A
−
2
) Mˆz (MD) σz mΓ
−
1
(A−
1u
) Mu (MQ) 4/m
′m′m′
mΓ5 (E
−) Mˆx (MD) σx mΓ
−
5
(E−u ) Ty (MTD) mm
′m
Mˆy (MD) σy Tx (MTD) m
′mm
Γ3(B
+
1
) Qˆ3 (EQ) τx Γ
−
4
(B+
2u
) Gxy (ETQ) 4¯m21
′
Γ4(B
+
2
) Qˆxy (EQ) σzτy Γ
−
3
(B+
1u
) G3 (ETQ) 4¯2m1
′
Γ5(E
+) Qˆyz (EQ) σxτy Γ
−
5
(E+u ) Qy (ED) mm21
′
Qˆzx (EQ) σyτy Qx (ED) mm21
′
mΓ3(B
−
1
) Mˆxyz (MO) τy mΓ
−
4
(B−
2u
) Mxy (MQ) 4
′/m′mm′
mΓ4(B
−
2
) Mˆ
β
z (MO) σzτx mΓ
−
3
(B−
1u
) M3 (MQ) 4
′/m′m′m
mΓ5(E
−) Mˆ′x (MD) σxτx mΓ
−
5
(E−u ) Ty (MTD) mm
′m
Mˆ′y (MD) −σyτx Tx (MTD) m
′mm
Next, we construct the tight-binding model including the
above multipole degrees of freedom. Following the experi-
mental result that the CF ground state is the Kramers doublet
and the first CF excited state is higher by 100 K,28) we adopt
the quasi-degenerate two-orbital model where the Γ7 level is
the ground-state level and the Γ6 level is the first excited-state
level. The Hamiltonian is given by
Hˆ = ∆
∑
kσi
f
†
kiΓ6σ
fkiΓ6σ +
∑
kσµν
∑
i jlm
[εµν(k)ρµτν]
lm
i j f
†
kilσ
fk jmσ
+
∑
kσσ′µν
∑
i jlm
{[
gµν(k) + hµν(k)
]
ρµτν
}lm
i j
· σσσ
′
f
†
kilσ
fk jmσ′
+
∑
〈r,s〉
[
J
(
MˆΓ6r · Mˆ
Γ6
s + Mˆ
Γ7
r · Mˆ
Γ7
s
)
+ J′Xˆr · Xˆs
]
, (1)
where f
†
kilσ
( fkilσ) is a creation (annihilation) operator of an
electron with the wave vector k, sublattice i = A, B, or-
bital l = Γ6, Γ7, and quasi-spin σ =↑, ↓. ρµ, τν, and σξ
(µ, ν = 0, x, y, z, ξ = x, y, z) are the Pauli matrices in sub-
lattice, orbital, and quasi-spin spaces, respectively. The first
term in Eq. (1) is the CF splitting between the Γ6 and Γ7 levels.
The second term is the symmetry-allowed hopping term; the
intraorbital hoppings, ε00(k) and ε0z(k), and the interorbital
hopping, ε0x(k), between the same sublattices, and the in-
traorbital hoppings, εx0(k), εxz(k), εy0(k), and εyz(k), between
the different sublattices. By setting the positions of CeA and
CeB as (a/2, a/2, c/2 − θ) and (0, 0, 0) with the lattice con-
stants a and c, and using the notations εµl(k) ≡ [εµ0(k) +
p(l)εµz(k)]/2 where p(l) = +1(−1) for l = Γ6 (Γ7), each εµν(k)
is given by ε0l(k) = t
l
‖
(ckxa + ckya), ε0x(k) = t
′
‖
(ckxa − ckya),
εxl(k) = [t
l
⊥ckzc/2ckzθ + t˜
l
⊥skzc/2skzθ]ckxa/2ckya/2, and εyl(k) =
[tl⊥ckzc/2skzθ − t˜
l
⊥skzc/2ckzθ]ckxa/2ckya/2, where cos(· · · ) ≡ c··· and
sin(· · · ) ≡ s··· for simplicity.
The third term in Eq. (1) is the spin-dependent hopping
term originating from the atomic spin-orbit coupling. The an-
tisymmetric contribution gµν(k) with respect to k corresponds
to the ASOI, which includes the intraorbital contributions,
gz0(k) and gzz(k), and the interorbital contribution, gzx(k), be-
tween the same sublattices, which are represented by
gzl(k) = g
l(−skya, skxa, 0), (2)
gzx(k) = g
′(−skya,−skxa, 0), (3)
where gzl(k) ≡ [gz0(k) + p(l)gzz(k)]/2. Note that the only
staggered component of the ASOI appears due to the pres-
ence of the global inversion symmetry. The ASOI is mi-
croscopically derived from the off-site hybridization with
the Co 3d electrons and the atomic spin-orbit coupling.
Meanwhile, the symmetric spin-dependent hoppings between
the different sublattices with the different orbitals, are rep-
resented by hxy(k) = {Im[hx(k)], Im[hy(k)],−Re[hz(k)]}
and hyy(k) = {Re[hx(k)],Re[hy(k)], Im[hz(k)]}, where
hx(k) = (Vxyckzc/2 + iV˜xyskzc/2)e
−iθkzckxa/2skya/2, hy(k) =
(Vxyckzc/2 + iV˜xyskzc/2)e
−iθkz skxa/2ckya/2, and hz(k) = (Vzckzc/2 +
iV˜zskzc/2)e
−iθkz skxa/2skya/2.
The fourth term in Eq. (1) represents the effective antifer-
roic interactions between the intraorbital multipoles J > 0
and interorbital multipoles J′ > 0. The summation is taken
for the four nearest-neighbor A and B sites 〈r, s〉, as shown
in Fig. 1(a). Mˆlr =
1
2
∑
σσ′ σ
σσ′ f
†
rlσ
frlσ′ (l = Γ6, Γ7) and
Xˆr =
1
2
∑
lm
∑
σσ′ (τµσν)
lm
σσ′ f
†
rlσ
frmσ′ are the magnetic dipole
2
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and the eight interorbital multipoles (Table I) at site r, re-
spectively, where f
†
rlσ
( frlσ) is the Fourier transform of f
†
kilσ
( fkilσ). We adopt the isotropic exchange interactions J and
J′, which are introduced to mimic the strong intraorbital and
interorbital Coulomb interaction without the spin-orbit cou-
pling.45) The intraorbital interaction J favors the AFM order-
ing, while the interorbital interaction J′ favors the antiferroic
interorbital multipole orderings, such as the AFQ ordering.
We note that the intraorbital states with (Mˆx, Mˆy, Mˆz) and in-
terorbital states with (Qˆ3, Qˆxy, Qˆyz, Qˆzx, Mˆxyz, Mˆ
β
z , Mˆ
′
x, Mˆ
′
y) are
degenerate within the J and J′ terms, respectively. We here
focus on the effect of the staggered ASOIs in Eqs. (2) and (3)
on the stability of each multipole order.
We investigate the ground-state phase diagram of the model
in Eq. (1) by mean-field calculations. We use the Hartree ap-
proximation for the two-body terms and consider supercells
consisting of 803 copies of the two sublattices under the pe-
riodic boundary conditions. The numerical error of the self-
consistent calculations is less than 10−4. We adopt the f 1
configuration, i.e., the 1/4 filling, and set parameters t
Γ6
‖
=
0.8, t
Γ7
‖
= 1, t′
‖
= 0.1, t
Γ6
⊥ = t
Γ7
⊥ = 0.15, t˜
Γ6
⊥ = t˜
Γ7
⊥ = 0.05,
Vxy = 0.15, V˜xy = 0.05, Vz = 0.3, V˜z = 0.1, J = 2.5, and
c/a = 1.4. We set θ = 0. Although θ is finite in CeCoSi, the
effect of nonzero θ is taken into account for the hopping and
interaction parameters along the z direction.
Figure 1(b) shows the ground-state phase diagram by
changing J′/J and ∆ for gΓ6 = −0.4, gΓ7 = 0.5, and g′ = 0.8.
For large ∆ where the Γ6 level is well-separated from the
Γ7 level, the intraorbital multipole instability occurs and the
AFM state is stabilized through the intraorbital interaction
J. In a large portion of the AFM regions, the magnetic mo-
ments are along the z direction, where we denote the phase
as AFM(z). This phase is accompanied with the magnetic
quadrupole Mu, as shown in Table I. In the phase diagram,
another AFM phase denoted as other AFM is realized around
0.8 . ∆ . 1.4, where the staggered magnetic moments
are tilted from the z direction. The obtained AFM phases
for ∆ . 1.56 are metallic, whereas the AFM(z) phase for
∆ & 1.56 is insulating.
The magnetic anisotropy in the AFM phases results from
the interplay between two types of ASOIs. Especially, the
AFM(z) state stabilized in the insulating region for large ∆ is
presumably owing to the intraorbital ASOI. Note that a simi-
lar tendency is obtained in magnetic insulators in the strongly
correlated regime where the effective out-of-plane anisotropic
interaction appears.9) In the metallic region, although the ef-
fective interaction by the ASOIs is affected by the band struc-
ture and must be more complicated, the mean-field results in-
dicate that the intraorbital ASOI tends to stabilize the AFM(z)
state, whereas the interorbital ASOI, whose effect becomes
important for large J′/J, tends to stabilize the other AFM
state with the in-plane moments, as discussed below.
The AFM states are replaced with the AFQ states by de-
creasing ∆ and increasing J′/J with a finite jump of or-
der parameters. This is ascribed to the quasi-orbital degen-
eracy between the Γ7 and Γ6 levels, whose instability is also
found in excitonic states in the multi-orbital d-electron sys-
tems.46, 47) The dominant AFQ instability in Fig. 1(b) is the
Q3 channel with the electric toroidal quadrupole Gxy. The
other AFQ states denoted as AFQ(xy) and other AFQ1, 2, 3
in J′/J & 0.8 are characterized by the staggered orders of
Qxy, and linear combinations of (Qxy, Q3), (Qxy, Mxyz), and
(Q3, Qxy, Mxyz, M
β
z ), respectively. The stability of these in-
terorbital ordered states is affected by the interplay between
two types of ASOIs and the interorbital hopping, as discussed
below. All the AFQ phases are metallic.
To examine the effect of the ASOI on the AFM(z) state ob-
tained in Fig. 1(b), we show the intraorbital staggered ASOI
gΓ7 dependence of the staggered AFM moments while keep-
ing gΓ6 = −0.8gΓ7 at J′/J = 0.2, ∆ = 1, and g′ = 0.8 in
Fig. 1(c). We compute the µ component of the AFM mo-
ment MAFµ ≡ [(M
Γ6AF
µ )
2 + (M
Γ7AF
µ )
2]1/2 for µ = x, y, z and
MAF
[110]
= [(MAFx )
2 + (MAFy )
2]1/2 where the staggered com-
ponent of multipoles X is defined as XAF = (XA − XB)/2.
Note that there is also interorbital contribution M′AF
x(y)
for the
in-plane moments.
In Fig. 1(c), the AFM(z) phase is stabilized at gΓ7 = 0.5,
as shown in Fig. 1(b). While decreasing gΓ7 , MAF is tilted
from the z axis toward the [100] direction for gΓ7 . 0.45, al-
though MAFz is larger than M
AF
x(y)
and M′AF
x(y)
. The appearance of
MAF
x(y)
and M′AF
x(y)
corresponds to the emergence of the magnetic
toroidal dipole Ty(Tx). With a further decrease of g
Γ7 , the in-
plane moment direction changes from the [100] to [110] di-
rection at gΓ7 ∼ 0.275. Then, MAF
[110]
increases while decreas-
ing gΓ7 and becomes comparable to MAFz at g
Γ7 = 0, whereas
M′AF
[110]
is suppressed when decreasing gΓ7 . The result indicates
that the intraorbital ASOI favors the AFM(z) state. On the
other hand, it also indicates that the AFM state with the in-
plane magnetic moments, such as the other AFM state, can be
stabilized by the interorbital ASOI.7, 48)
Next, we show the effect of the interorbital ASOI g′ on
the AFQ(3) state at J′/J = 0.7, ∆ = 0.5, gΓ7 = 0.5, and
gΓ6 = −0.4. Figure 1(d) shows that four interorbital states
are stabilized while changing g′. The AFQ(3) phase is stabi-
lized for 0.6 . g′ . 1, the other AFQ1 phase is stabilized
for 0.425 . g′ . 0.6, the AFQ(xy) phase is stabilized for
0.225 . g′ . 0.425, and the staggered M
β
z phase appears for
0 . g′ . 0.225. From the numerical result, the interorbital
ASOI g′ tends to favor the AFQ(3) state. On the other hand,
the stability of the AFQ(xy) and the staggered M
β
z states for
small g′ depends on the intraorbital ASOI gΓ6 and gΓ7 and the
interorbital hopping t′
‖
. The large gΓ7 and gΓ6 tend to favor the
AFQ(xy) state for small g′, while t′
‖
tends to stabilize the M
β
z
state. Thus, the stability of the interorbital phases is affected
by the competing factors g′, gΓ6 , gΓ7 , and t′
‖
.49)
Finally, we discuss physical phenomena driven by the odd-
parity multipoles, which will be helpful to identify order pa-
rameters.We focus on the cross-correlation phenomenawhere
the multipole Yµ is induced by an electric field Eν as Yµ =∑
ν χµνEν in the AFM(z) and AFQ(3) phases, which are domi-
nantly stabilized in the phase diagram in Fig. 1(b). The tensor
χµν is calculated by the linear response theory
6, 21, 43) as
χµν =
∑
k
∑
pq
Πpq(k)Y
pq
µk
v
qp
νk
= χ(J)µν + χ
(E)
µν , (4)
where Πpq(k) = e~{ f [εp(k)] − f [εq(k)]}/{Vi[εp(k) −
εq(k)][εp(k)−εq(k)+i~δ]}with the eigenenergy εp(k) and the
Fermi distribution function f [εp(k)]. e is the electron charge,
~ = h/2π is the Plank constant, V is the system volume, and
3
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δ is the broadening factor. We take e = ~ = 1 and δ = 0.1.
Y
pq
µk
= 〈pk|Yˆµ|qk〉 and v
pq
νk
= 〈pk|vˆνk|qk〉 are the matrix el-
ements of the multipole Yˆµ and velocity vˆµk = ∂Hˆ/(~∂kµ).
The tensor χµν in Eq. (4) consists of the dissipative part χ
(J)
µν
(current driven part) from the intraband contribution and the
non-dissipative part χ
(E)
µν (electric-field driven part) from the
interband contribution.21, 43)
When Yˆµ is the magnetic dipole Mˆµ, χµν corresponds to the
magneto-electric tensor αµν, where the magnetization Mµ is
induced by the electric field Eν for µ, ν = x, y, z. Note that the
magneto-electric tensor αµν consists of three contributions of
α
(Γ6)
µν , α
(Γ7)
µν , and α
′
µν, as there are three types of magnetizations
M
Γ6
µ , M
Γ7
µ , and M
′
µ in Table I. On the other hand, when Yˆµ is
the electric quadrupole Qˆµ, χµν is the elastic-electric (inverse
piezo-electric) tensor dµν, where the symmetric distortion ǫµ
(µ = u, 3, yz, zx, xy) is induced by Eν. As nonzero tensor com-
ponents correspond to the emergent of odd-parity multipoles,
the different types of responses are obtained in each multi-
pole phase, as summarized in Table II. In the following, we
focus on the behavior of the magneto-electric tensor αµν in
the AFM(z) and AFQ(3) states.
Table II. Nonzero components of the magneto-electric (αµν) and elastic-
electric (dµν) tensors in each multipole (MP) phase. The magnetic point
groups (MPG) and the odd-parity multipoles (OPMP) are also shown.
MPG MP OPMP αµν dµν
4¯m21′ Qˆ3 Gxy α
(J)
yx = α
(J)
xy d
(E)
zxx = −d
(E)
yzy , d
(E)
3z
4¯2m1′ Qˆxy G3 α
(J)
xx = −α
(J)
yy d
(E)
yzx = d
(E)
zxy, d
(E)
xyz
mm21′ Qˆyz Qy α
(J)
zx , α
(J)
xz d
(E)
xyx , d
(E)
uy , d
(E)
3y , d
(E)
yzz
mm21′ Qˆzx Qx α
(J)
zy , α
(J)
yz d
(E)
ux , d
(E)
3x , d
(E)
xyy , d
(E)
zxz
mm′m Mˆx Ty α
(E)
zx , α
(E)
xz d
(J)
xyx , d
(J)
uy , d
(J)
3y , d
(J)
yzz
m′mm Mˆy Tx α
(E)
zy , α
(E)
yz d
(J)
ux , d
(J)
3x , d
(J)
xyy , d
(J)
zxx
4/m′m′m′ Mˆz Mu α
(E)
xx = α
(E)
yy , α
(E)
zz d
(J)
yzx = −d
(J)
zxy
4′/m′mm′ Mˆxyz Mxy α
(E)
yx = α
(E)
xy d
(J)
zxx = −d
(J)
yzx , d
(J)
3z
4′/m′m′m Mˆ
β
z M3 α
(E)
xx = −α
(E)
yy d
(J)
yzx = d
(J)
zxy, d
(J)
xyz
Figure 2(a) shows α
(E)
xx as a function of temperature T in
the AFM(z) phase with the magnetic quadrupole Mu (finite
α
(E)
xx = α
(E)
yy and α
(E)
zz ) at J
′/J = 0.2, ∆ = 1, gΓ6 = −0.4,
gΓ7 = 0.5, and g′ = 0.8.50) α
(E)
xx becomes nonzero below
TN ≃ 0.77 and decreases for 0.69 . T . 0.75 after showing
the peak structure at T ≃ 0.75. While further decreasing T ,
α
(E)
xx grows and becomes the largest at the lowest T . The com-
plicated temperature dependence of α
(E)
xx is due to the orbital
degree of freedom. Its qualitative behavior is characterized by
each component α
(E,Γ6)
xx , α
(E,Γ7)
xx , and α
′(E)
xx , as also plotted in
Fig. 2(a). α
(E,Γ7)
xx increases with onset of M
AF
z in the inset of
Fig. 2(a), since MAFz mainly consists of the magnetic moment
in the Γ7 orbital. On the other hand, as a further increase of
MAFz leads to the large energy gap between the up- and down-
spin bands of the Γ7 orbital, α
(E,Γ7)
xx decreases and the interor-
bital contribution, α
′(E)
xx , becomes dominant for T . 0.69. It
means that the interorbital M′x activated in Γ6-Γ7 space is sig-
nificant for the large magneto-electric response in this multi-
orbital system. The typical magnitude of the magneto-electric
tensor is estimated as ∼ 10−1|t
Γ7
‖
|−1 ps m−1 in the unit of
|t
Γ7
‖
| eV.
Fig. 2. (Color online) (a), (b) Temperature dependences of magneto-
electric tensors in (a) the AFM(z) state at J′/J = 0.2 and ∆ = 1 and (b)
the AFQ(3) state at J′/J = 0.7 and ∆ = 0.5. The insets of the (a) and (b) are
the temperature dependences of the order parameters. Other parameters are
fixed at gΓ6 = −0.4, gΓ7 = 0.5, and g′ = 0.8.
We show nonzero αyx in the AFQ(3) phase in Fig. 2(b) in
addition to the order parameter QAF
3
in the inset of Fig. 2(b) at
J′/J = 0.7, ∆ = 0.5, gΓ6 = −0.4, gΓ7 = 0.5, and g′ = 0.8. We
find the finite-temperature phase transition between AFQ(3)
state and the antiferrooctupole (AFO) state with MAFxyz at T0 ∼
0.75. From the symmetry in Table II, in the former AFQ state,
odd-parityGxy induces α
(J)
yx = α
(J)
xy , while Mxy in the AFO state
shows α
(E)
yx = α
(E)
xy .
In the AFQ(3) state in Fig. 2(b), the amplitude of α
(J)
yx in-
creases from the lowest T and it shows the peak at T ∼ 0.25,
where QAF
3
reaches almost full saturation. While further in-
creasing T , |α
(J)
yx | gradually decreases and jumps at the phase
boundary with the AFO state. The temperature dependence
of α
(J)
yx reflects the electronic state around the Fermi surface,
since the intraband contribution is dominant. For α
(J)
yx in the
AFQ(3) state, the interorbital component α
′(J)
yx becomes dom-
inant, while α
(J,Γ6)
yx and α
(J,Γ7)
yx almost cancel with each other,
which also shows that the interorbital component α
′(J)
yx is sig-
nificant in this multi-orbital system. The typical magnitude of
α
(J)
yx in the AFQ(3) state is estimated as ∼ 10
−1|t
Γ7
‖
|−1δ−1 ps m−1
for |t
Γ7
‖
| eV and the broadening factor δ s−1. On the other hand,
the electric conductivity is obtained as 10−3δ−1 µΩ−1cm−1,
which implies δ ∼ 10−2-10−1 from the comparison with the
experimental data.28) Therefore, the largemagneto-electric re-
sponse might be expected in CeCoSi.
As nonzero components of αµν are the same for the AFQ(3)
and AFO states, it is difficult to distinguish them in terms
of the cross-correlation measurements. Meanwhile, the differ-
ence is in the electronic band structure. In the AFQ(3) state,
the electronic band structure shows the spin splitting as the
functional form of kxσy + kyσx, while there is not antisym-
metric spin splitting in the AFO state.21) Thus, the spin- and
4
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angle-resolved photoemission spectroscopy is also a powerful
tool to identify order parameters.
To summarize, we investigate the possibility of odd-parity
multipoles induced by the AFM and AFQ orderings in Ce-
CoSi. We analyze the two-orbital model including the CF
splitting between the ground-state Γ7 level and the first-
excited Γ6 level and the staggered ASOI by the mean-field
calculations. We show that the AFM state with 3z2 − r2 type
of the magnetic quadrupole and the AFQ state with xy type of
the electric toroidal quadrupole are dominantly stabilized by
changing the CF splitting, multipole-multipole interactions,
and the staggered ASOI. Furthermore, we also discuss the
behavior of the magneto-electric tensor driven by odd-parity
multipoles. Although model parameters used in the present
study need to be more sophisticated by first-principle calcula-
tions, our analysis will serve as a starting point for identifying
order parameters in CeCoSi.
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